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1. Introduction

Steel-plate composite (SC) structural members have emerged as a beneficial competitor to reinforced
concrete (RC) members in several areas of structural design: protective structures, tall buildings, and
nuclear power plants. Methods for SC construction have been developed and studied by numerous
researchers. Design provisions for SC building construction and nuclear power plant construction are now
code material in AISC 341-16 and AISC N690-18. The use of SC construction for protective design against
blast and impact loads has been previously researched through experimental and numerical studies by Bruhl
and Varma (2017), Bruhl and Varma (2020), and Kim et al. (2021).
SC members consist of concrete encased between steel plates. The steel plates are held together by tie bars.
Shear studs to anchor the steel plates to the concrete between tie bars can also be used. The steel plates are
the primary reinforcement for the structure and no rebar is needed. The steel plates and tie bars also act as
formwork for the concrete. The steel members are shop fabricated, erected on-site, and filled with concrete.
The high reinforcement ratio afforded by using steel plates, confinement and spalling resistance provided
to concrete by the steel plates, and construction efficiency due to stay in place formwork are key benefits
of SC construction over RC. The steel plates of the SC system can also be utilized in protective design as
protection against electromagnetic radiation.
This report details two methods of dynamic analysis to use in the design of SC two-way slabs subjected to
blast loads. These analysis methods use a basic philosophy for design of SC slabs as detailed in Section 2.
The first analysis method presented in Part I of this report is a single degree of freedom analysis. The second
analysis method presented in Part II of this report is a 2D nonlinear finite element analysis.

2. Design Philosophy

Blast loads consist of high blast overpressures for short durations. To design SC members for blast loads,
large inelastic deformations of the member are allowed. A SC member is designed to develop a flexural
plastic mechanism under blast loads. The flexural plastic mechanism limits the force transferred through
the member, limiting the required strength of the member for non-flexural limit states. For this design
approach, the flexural capacity of the member is used to calculate the maximum displacement or rotation
of the member and the maximum shear demand due to the blast load. In this regard, adequacy of a SC
member design is not measured in terms of a flexural capacity and demand but rather it is measured in
terms of a ductility and shear strength capacity and demand. To develop a flexural plastic mechanism in a
SC member, shear cannot limit the capacity of the member; the shear capacity of the structure must be
designed to be greater than the flexural capacity of the system. This design approach for blast loads is
similar to the design of a structure for seismic loads: flexural plastic behavior is designed to occur at specific
points in the structure and shear demands are calculated from the maximum flexural capacity of the system.
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Part I: SDOF Analysis
3. Overview

The analysis of a structural member to blast loading requires a dynamic analysis of the member to determine
the ductility and shear demands. The static behavior of a two-way slab is often modeled using KirchhoffLove plate theory or Reissner-Mindlin plate theory. When implemented for a dynamic analysis, these plate
theories result in a partial differential equation (PDE), which has variables of both space and time.
Analytical solutions of these PDEs generally do not exist. Finite difference based numerical solutions of
PDEs for dynamic analysis of blast loaded beams have been used by several researchers: Krauthammer et
al. (1993) and Grisario and Dancygier (2020), for example. Finite difference based numerical solutions of
the PDEs for two-way slabs have not been found in existing literature but are under development by the
authors of this report. Instead of solving the PDEs from dynamic beam and plate theories, single-degreeof-freedom (SDOF) dynamic analysis methods are often used for approximate analysis of structural
member response to blast loads.
SDOF methods are textbook material in structural dynamics. The SDOF method implements a shape
function which prescribes a deformed shape of the member to the dynamic analysis. The shape function
eliminates the spatial variables from the dynamic analysis of the structural member, creating an ordinary
differential equation (ODE). The ODE can be easily solved by numerical methods to determine the
amplitude of displacement of the structural member as a function of time. The accuracy of a SDOF analysis
is limited by the choice of shape function for the analysis; the behavior of the structure must be well
understood to select a shape function which represents the deformed shape of the structure.
SDOF methods for blast analysis of structural members are covered in detail by Biggs (1964) and United
States Department of Defense (2008) (UFC 3-340-02). It is often impractical to design structures to remain
elastic during blast loadings; the design of structural members for blast loads often allows members to
develop plastic mechanisms and undergo chord rotations several times greater than the rotation at the onset
of a plastic mechanism. Thus, multiple shape functions are needed to describe a member’s deformed shape
as it transitions from elastic behavior to a plastic mechanism. The SDOF methods in Biggs (1964) and UFC
3-340-02 outline the calculation of structural resistances and shape functions describing the deformed shape
of a structural member as it develops a plastic mechanism. Expressions for these structural parameters that
have been published in books and technical manuals over the years include numerous errors and
inaccuracies (Morison 2006). Differences in the SDOF analysis parameters still exist, as will be shown later
in this report. This report details the calculation and solution of the ODE for a SDOF analysis of a structural
member, specifically covering the analysis of two-way slabs.

4. SDOF Method
4.1.Shape Functions

The SDOF method uses shape functions describing the deformed shape of the structural member to simplify
a multi-variate dynamic analysis to a single variable analysis. The shape function relates the displacement
at any point on the structure to a single variable which specifies the amplitude of displacement, see Equation
4.1. Equation 4.1 shows displacement as a function of two spatial variables, x and y. The shape function
can be defined such that the maximum value of the shape function has any value, but the maximum value
is typically defined as unity.
𝛿𝛿(𝑥𝑥, 𝑦𝑦) = ∆ ∙ 𝜙𝜙(𝑥𝑥, 𝑦𝑦)
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Where, δ is the displacement as a function of position in the member, Δ is the amplitude of displacement
applied to the shape function, and ϕ is the shape function as a function of position in the member.
The shape function should reflect the boundary conditions of the structural member, the distribution of blast
load on the member, and the development of a plastic mechanism in the member. The shape function for a
structural member changes as the structure develops a plastic mechanism; thus, the shape function can, and
does, change during a SDOF analysis.

4.2.SDOF Analysis

The SDOF method models a structural member by creating a SDOF spring-mass-damper system that has
dynamic properties equivalent to those of the structural member. An equation of motion (EOM) for the
equivalent spring-mass-damper system is created by establishing dynamic equilibrium of the equivalent
system. This EOM is an ODE for the displacement of the equivalent system as a function of time. If the
shape functions are chosen such that the maximum value of the shape function is unity, then the
displacement of the equivalent system is equal to the maximum displacement of the structural member.
The EOM for the equivalent system is given in Equation 4.2. The EOM contains four key properties of the
structure: inertia, damping, structural resistance, and applied loading.
For blast load analysis, damping is often omitted from the dynamic analysis; however, for completeness, a
damping term is included in the EOM developed in this report. The damping is defined here as a proportion
of the critical damping ratio for elastic behavior of the equivalent system. It is recommended that damping
be excluded from a SDOF analysis or that a very small damping value should be used. Using damping in a
blast load analysis can reduce the maximum structure displacement and omitting damping from the analysis
is conservative for design.
The mass of the equivalent system is calculated by multiplying the total mass of the structural member by
a mass transformation factor: KM. The mass transformation factor is defined such that the kinetic energy of
the equivalent system is equal to the kinetic energy of the structural member in the prescribed shape
function, see Equation 4.3 (Biggs 1964), (U.S. Department of Defense 2008). For a uniform distribution of
mass in the member, Equation 4.3 simplifies to Equation 4.4. Concentrated masses on a member can be
accounted for in the EOM and the mass transformation factor following U.S. Department of Defense
(2008).
The blast load for a SDOF analysis will generally vary as a function of time. The spatial distribution of the
blast load needs not be uniform; however, the spatial distribution of the blast load should not vary with
time, for a SDOF analysis. In the SDOF method detailed here, blast loads are limited to the form of Equation
4.5, where the blast load can vary independently in space and time. Often for SDOF analyses, the spatial
distribution of the blast load is modeled as a uniform distribution. The load applied to the equivalent system
is calculated by multiplying the total load applied to the structural member by a load transformation factor:
KL. The load transformation factor is defined such that the work done to the equivalent system by the
equivalent load is equal to the work done by the blast load on the structural member, in the prescribed shape
function, see Equation 4.6 (Biggs 1964), (U.S. Department of Defense 2008). For a uniform distribution of
load on the member, Equation 4.6 simplifies to Equation 4.7. Concentrated loads on a member can be
accounted for in the EOM and the load transformation factor following U.S. Department of Defense (2008).
The resistance of a structural member for a plastic SDOF analysis is represented by a resistance function.
The resistance function is the total load resisted by the member as a function of the maximum displacement
of the member. The resistance function is calculated for a spatial load distribution equal to the spatial
distribution of the blast loading; thus, for a uniform blast load analysis, the resistance function should be
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for a uniform applied load. The resistance function for a plastic SDOF analysis is typically modeled as a
bi-linear or multi-linear function and is detailed further in Section 5. The resistance function of the
equivalent system is calculated by multiplying the resistance function of the structural member by the load
transformation factor. Because the distribution of the load for the resistance function is equal to the
distribution of the blast load, the transformation factor for the resistance and the applied load are equal.
∆̈ ∙ 𝐾𝐾𝑀𝑀 ∙ 𝑀𝑀 + 𝜉𝜉 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐 ∙ ∆̇ + 𝐾𝐾𝐿𝐿 ∙ 𝑅𝑅(∆) = 𝐾𝐾𝐿𝐿 ∙ 𝑃𝑃𝑡𝑡 (𝑡𝑡)
𝐾𝐾𝑀𝑀 =

∫ 𝜌𝜌(𝑥𝑥, 𝑦𝑦) ∙ 𝜙𝜙(𝑥𝑥, 𝑦𝑦)2 ∙ 𝑑𝑑𝑑𝑑
∫ 𝜌𝜌(𝑥𝑥, 𝑦𝑦) ∙ 𝑑𝑑𝑑𝑑

𝐾𝐾𝑀𝑀 =

∫ 𝜙𝜙(𝑥𝑥, 𝑦𝑦)2 ∙ 𝑑𝑑𝑑𝑑
𝑑𝑑

𝑃𝑃(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = 𝑓𝑓1 (𝑡𝑡) ∙ 𝑓𝑓2 (𝑥𝑥, 𝑦𝑦)
𝐾𝐾𝐿𝐿 =

∫ 𝑃𝑃(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) ∙ 𝜙𝜙(𝑥𝑥, 𝑦𝑦) ∙ 𝑑𝑑𝑑𝑑
∫ 𝑃𝑃(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) ∙ 𝑑𝑑𝑑𝑑

𝐾𝐾𝐿𝐿 =

∫ 𝜙𝜙(𝑥𝑥, 𝑦𝑦) ∙ 𝑑𝑑𝑑𝑑
𝑑𝑑

Equation 4.2

Equation 4.3

Equation 4.4
Equation 4.5

Equation 4.6

Equation 4.7

Where, Δ is the amplitude of displacement, KM is the mass transformation factor, M is the total mass of the
structural member, ξ is the proportion of the elastic critical damping ratio, ccr is the critical damping ratio
for elastic behavior of the member, KL is the load transformation factor, R is the total resistance of the
member, Pt is the total blast load, t is time, ρ is the mass density per unit area, and A is the area of the
member.
The EOM in Equation 4.2 can be rewritten in a simplified form by defining a single transformation factor:
the load-mass factor. The load-mass factor is the ratio of the mass transformation factor to the load
transformation factor, as given in Equation 4.8. The simplified EOM is given by Equation 4.9.
𝐾𝐾𝐿𝐿𝑀𝑀 =
∆̈ + 2 ∙ 𝜉𝜉 ∙ 𝜔𝜔𝑒𝑒 ∙ ∆̇ +

𝐾𝐾𝑀𝑀
𝐾𝐾𝐿𝐿

𝑅𝑅(∆)
𝑃𝑃𝑡𝑡 (𝑡𝑡)
=
𝐾𝐾𝐿𝐿𝑀𝑀 ∙ 𝑀𝑀 𝐾𝐾𝐿𝐿𝑀𝑀 ∙ 𝑀𝑀

Equation 4.8

Equation 4.9

Where KLM is the load-mass factor and ωe is the elastic frequency of the equivalent system.
Numerical solutions of the EOM are textbook material. Several methods of numerically solving the EOM
are in Chopra (2012). A finite difference based numerical solution is provided here. The finite difference
solution does not require iteration within the analysis. Numerical stability of the solution is generally not a
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problem as very small time increments, millions of time steps, can be completed in seconds on a standard
computer.
The finite difference numerical solution is a time stepping approach where the EOM is approximated
successively at uniform time intervals throughout the length of the analysis. The finite difference numerical
solution uses the resistance of the system and the load applied to the system at the current time step and the
displacement at the current and prior time step to calculate the displacement of the system at the next
timestep. This process is repeated at every timestep throughout the length of the analysis. The EOM is
approximated at each timestep using a finite difference approach as shown in Equation 4.10.

∆𝑖𝑖+1 =

(𝑃𝑃𝑖𝑖 − 𝑅𝑅𝑖𝑖 ) ∙

(∆𝑡𝑡)2
+ 2 ∙ ∆𝑖𝑖 + (𝜉𝜉 ∙ 𝜔𝜔𝑒𝑒 ∙ ∆𝑡𝑡 − 1) ∙ ∆𝑖𝑖−1
𝐾𝐾𝐿𝐿𝑀𝑀,𝑖𝑖 ∙ 𝑀𝑀
1 + 𝜉𝜉 ∙ 𝜔𝜔𝑒𝑒 ∙ ∆𝑡𝑡

Equation 4.10

Where the subscript i denotes the current timestep, i-1 denotes the previous timestep, i+1 denotes the next
timestep, Δ is the displacement of the SDOF system, P is the total load applied to the structural member, R
is the value of the resistance function, KLM is the load-mass factor, M is the total mass of the structural
member, Δt is the length of the time increment, 𝜉𝜉 is the proportion of critical damping, and 𝜔𝜔𝑒𝑒 is the
fundamental frequency for elastic behavior of the SDOF system.

Resistance functions and the plastic behavior of two-way SC slabs are detailed in Section 5. Based on the
plastic mechanism analysis, shape functions for the member can be selected as a function of the slab
displacement. The calculation of the load-mass factor for two-way slabs is detailed in Section 5.

5. Resistance Function

The resistance function represents the load resisted by a structural member as a function of displacement
of the member. Two-way slabs for blast resistance are typically designed to have their flexural capacity
limit the load the member can sustain; thus, the resistance function is typically calculated based on the
development of a flexural plastic mechanism in the member. The resistance function is determined from an
analysis of the member under an increasing applied load or displacement, without inertial effects. Because
a SDOF analysis is intended to be a simple, approximate analysis tool in lieu of more advanced analysis,
the resistance function should be calculated using simple analysis methods. Biggs (1964) and U.S.
Department of Defense (2008) recommend using a multi-linear representation of the resistance function,
formed by two or more linear branches. The multi-linear approach calculates the capacity of the member
as plastic hinges and yield lines develop in the slab. A simple method of calculating the flexural behavior
of an SC cross-section and performing a plastic mechanism analysis of a two-way SC slab is detailed in
this section.
The resistance function is calculated from behavior of the member, independent of inertial effects.
However, the yield stress of steel and concrete tend to increase with increasing strain rate (U.S. Department
of Defense). The rate of deformation of the member affects the flexural capacity of the member crosssection and the development of a plastic mechanism in the member. A method of accounting for member
strengthening under increased strain rates is detailed herein.

5.1.Strain Rate Effects on Material Properties

The material properties of steel and concrete are dependent upon the strain rate in the material. Extensive
research and numerous material models for steel and concrete accounting for strain rate effects exist. A
primary effect of strain rate on steel material properties is an increase in the yield stress and ultimate stress;
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the strain rate has little effect on material elastic stiffness. A common method of modeling strain rate effects
in steel and concrete is to apply a Dynamic Increase Factor (DIF) to the material yield stress. The DIF is a
multiplier to the static material properties and is a function of the strain rate. Murray et al. (2018) tested
structural steels in uniaxial tension at strain rates from 0.00002 in/in/sec to approximately 2 in/in/sec. Strain
rates of 2in/in/sec resulted in a DIF factor of approximately 1.4. Increased strain rates also tend to result in
an increased ultimate stress for steel. The DIF for steel ultimate stress tends to be less than the DIF for yield
stress.
The DIF and thus the material properties will vary with the instantaneous strain rate at every point in the
member during the response to a blast load. Accounting for varying DIF values at every point of the slab
and every point in time is beyond the analysis fidelity that can be achieved by a SDOF analysis. The largest
strains in a member developing a plastic mechanism are concentrated in specific areas: plastic hinges or
yield lines. The strain rates and material properties at the locations of plasticity in the member have a greater
effect on the capacity of the member than the strain rates at other locations throughout the member. A
constant DIF value based on an average strain rate at the locations of plasticity in the member can be used
throughout the SDOF analysis to provide an approximate allowance for material strengthening under
increased strain rates.

5.2.Cross-Section Flexural Behavior

To conduct a plastic mechanism analysis for calculating the resistance function for a two-way slab, the
inelastic flexural behavior of the member cross-section is needed. The flexural behavior represents the
bending moment capacity of the section under increasing curvature of the section: a moment-curvature
relationship. There are three key values that can be determined from a moment-curvature analysis of an SC
cross-section: the slope of the moment-curvature relationship for elastic material behavior, the elastic
flexural stiffness (EI); the moment capacity when the section transitions to inelastic material behavior, the
plastic moment capacity (Mp); and the maximum moment that the cross-section can resist, the tensile
moment capacity (Mten). These three values are shown in Figure 5.1. The cross-section properties are
typically calculated for a unit width.
These cross-section properties can be determined by a moment-curvature analysis of the cross-section
accounting for inelastic material behavior; however, simple equations to approximate the momentcurvature response are provided here. The material properties used for the cross-section analysis should
reflect the expected material strengths and thus the expected flexural behavior of the section is calculated.
Because the design of the member for blast loads is controlled by deformation limits rather than flexural
strength limits, the expected flexural behavior of the cross-section is desired, rather than a lower-bound
estimate of the cross-section capacity.
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Capacity from Moment
curvature analysis

(1/in)

Figure 5.1: Moment-curvature behavior of SC cross-section

5.2.1. SC Elastic Cross-Section Stiffness

The elastic flexural stiffness of an SC cross-section is the slope of the cross-section moment capacity plotted
versus the cross-section curvature for elastic material behavior. AISC N690-18 provides a simple equation
to calculate the stiffness of an SC cross-section per unit width. This equation for the elastic section stiffness
is provided in Equation 5.1. No modification to the elastic modulus of steel or concrete is typically needed
to account for strain-rate effects.
𝐸𝐸𝐸𝐸𝑠𝑠𝑐𝑐 = 𝐸𝐸𝑠𝑠 ∙ 𝐸𝐸𝑠𝑠 + 𝑐𝑐2 ∙ 𝐸𝐸𝑐𝑐 ∙ 𝐸𝐸𝑐𝑐

Equation 5.1

5.2.2. SC Cross-Section Plastic Moment Capacity

The moment capacity of an SC cross-section at the development of the yield stress throughout the tension
steel plate is the plastic moment capacity of the cross-section. As an SC cross-section develops the yield
stress in the tension steel plate, the plastic neutral axis approaches the inside face of the compression steel
plate. The plastic moment capacity per unit width of the SC section can be calculated using Equation 5.2.
This equation, in effect, multiplies the force per unit width in the tension steel plate at yield by the distance
between the centroids of the steel plates. AISC N690-18 calculates the flexural strength of an SC section
close the onset of softening in the moment-curvature response. Equation 5.2 calculates the plastic moment
capacity of an SC section after softening of the moment-curvature response has begun.
An effective steel yield stress should be used for calculating the plastic moment capacity, accounting for
expected material strength, DIF, and the effect of biaxial tension stress. The effective steel yield stress can
be calculated per Equation 5.3.
𝑀𝑀𝑝𝑝 = 𝐹𝐹𝑦𝑦,𝑒𝑒𝑒𝑒𝑒𝑒 ∙ 𝑡𝑡𝑝𝑝 ∙ �𝑇𝑇𝑠𝑠𝑐𝑐 − 𝑡𝑡𝑝𝑝 �

Equation 5.2

𝐹𝐹𝑦𝑦,𝑒𝑒𝑒𝑒𝑒𝑒 = 𝐹𝐹𝑦𝑦 ∙ 𝐷𝐷𝐸𝐸𝐹𝐹𝑦𝑦 ∙ 𝑅𝑅𝑦𝑦 ∙ 𝑅𝑅𝑏𝑏𝑖𝑖𝑏𝑏𝑏𝑏

Equation 5.3
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Where, Mp is the plastic moment capacity, Fy,eff is the effective yield stress, tp is the steel plate thickness,
Tsc is the composite section thickness, DIFy is the average DIF for steel yield stress, Ry is the expected yield
stress factor, and Rbiax is a biaxial stress increase factor.

5.2.2.1.

Average Steel Dynamic Increase Factor: DIFy

5.2.2.2.

Expected Yield Stress Factor: Ry

5.2.2.3.

Biaxial Stress Increase Factor: Rbiax

The DIF factor should reflect an average strain-rate throughout the blast response at the locations of
plasticity in the member. Iteration by conducting multiple SDOF analyses may be required to determine the
order of magnitude of the strain-rate that the DIF should be based on. This iteration does not create a
significant computational cost, as a SDOF analysis can typically be completed by an everyday computer in
less than thirty seconds.
The expected yield stress for the steel in the SC slab should be used to calculate the plastic moment capacity.
The expected yield stress can be determined by multiplying the nominal yield stress by the expected yield
stress factor: Ry. Ry is the ratio of the expected yield stress to nominal yield stress. Ry can be found in AISC
341-16 for many common structural steels. Alternatively, the yield stress of a steel determined from tensile
testing can replace Ry∙Fy in Equation 5.3.
Stemming from J2 material plasticity theory, biaxial tension or compression stresses can increase the yield
stress of steel by a factor ranging from 1.0 to 1.15. Biaxial stresses form in the steel plates due to two-way
bending of a slab as well as lateral restraint against expansion and contraction within a slab: the Poisson
effect. Non-linear finite element analyses of two-way SC slabs were conducted using the modeling
approach detailed in Part II of this report to study the effect of biaxial stresses on the plastic moment
capacity. For rectangular, fixed slabs with ratio of long edge length to short edge length of 1.5 or greater,
the stress in the tension steel plate, parallel to a yield line is approximately 30%-50% the stress in the tension
steel plate perpendicular to a yield line. Using J2 plasticity theory, the increase in yield stress perpendicular
to the yield lines for this slab configuration is approximately 10% (Rbiax = 1.1). Additional finite element
analyses to determine Rbiax for two-way slabs with different boundary conditions and aspect ratios is
ongoing.

5.2.3. SC Cross-Section Tension Moment Capacity

The tension moment capacity of an SC cross-section corresponds to the moment capacity of the SC crosssection at the development of the steel ultimate stress in the tension steel plate. The tension moment capacity
is the upper bound of the flexural capacity of the cross-section. Similar to the plastic moment capacity, the
tension moment capacity is calculated as a force per unit width multiplied by the distance between centroids
of the steel plates. The force for this calculation is the force resulting from the steel ultimate stress
throughout the tension steel plate. The tension moment capacity can be calculated from Equation 5.4.
𝑀𝑀𝑡𝑡𝑒𝑒𝑡𝑡 = 𝐷𝐷𝐸𝐸𝐹𝐹𝑢𝑢 ∙ 𝐹𝐹𝑢𝑢 ∙ 𝑡𝑡𝑝𝑝 ∙ (𝑇𝑇𝑠𝑠𝑐𝑐 − 𝑡𝑡𝑝𝑝 )

Equation 5.4

Where, Mten is the tension moment capacity per unit width of the SC section, DIFu is the DIF for ultimate
stress, and Fu is the ultimate steel stress.

5.3.Plastic Mechanism Analysis

A plastic mechanism analysis is a calculation approach to determine the capacity of a structural member as
the member develops plastic hinges or yield lines. A plastic mechanism analysis is a simple, approximate
analysis tool to determine the resistance function for a structural member. The resistance function, and thus
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the load applied for a plastic mechanism analysis, should represent the spatial distribution of blast load
being analyzed with the SDOF analysis. The resistance functions for rectangular slabs detailed in the section
use a uniform pressure distribution.
For a plastic mechanism analysis, the member cross-section is typically modeled with elastic-perfectly
plastic moment-curvature behavior. For SC, the plastic capacity of the cross-section corresponds to the
plastic moment capacity calculated in Section 5.2. Using the elastic-perfectly plastic cross-section, strain
hardening cannot be directly accounted for in a plastic mechanism. Strain hardening in an SC slab will
increase the maximum flexural capacity of the member as well as increase the capacity of the member while
a plastic mechanism is forming. Methods for accounting for the increase in SC slab capacity due to strain
hardening of the cross-section are provided in this section.
A yield line represents the development of the plastic capacity of the cross-section along a line in the slab.
After reaching the plastic capacity along the yield line, the yield line is modeled as a hinge in the slab that
transfers the plastic capacity of the cross-section but does not restrict rotation around the hinge as increasing
load is applied. A plastic mechanism analysis of a slab calculates the load resisting capacity and
displacement of a slab at the point of developing successive yield lines in the slab. The successive analysis
continues until the yield lines create a mechanism such that additional load cannot be resisted by the slab:
a plastic mechanism. A two-way slab with internal hinges cannot be analyzed by simple methods; thus, the
plastic mechanism analysis of two-way slabs often calculates the slab capacity only at the point when all
yield lines have formed and a plastic mechanism is developed. The analysis of the capacity for a plastic
mechanism in slabs is often called a yield line analysis. In some scenarios, the capacity of the slab can also
be determined for a plastic mechanism analysis at the point when the first yield lines develop within the
slab.
Once a plastic mechanism has been developed in a member, curvature and rotation of the member are
considered to be concentrated at the plastic hinges or yield lines. The rotation that occurs due to bending of
the beam or slab between the locations of plasticity becomes insignificant compared to the displacement of
the member due to rotation about the plastic hinges or yield lines. When the plastic mechanism has
developed in a slab, regions of the slab bounded by yield lines are modeled as a flat plane.
For a plastic mechanism analysis of a slab, the orientation of yield lines depends on the boundary conditions
of the member and the dimensions of the slab. UFC 3-340-02 provides the layout of yield lines for
rectangular slabs with various boundary conditions. The general orientation of yield lines for a rectangular
slab with all edges simply-supported and all edges fixed are shown in Figure 5.2. These yield lines are for
uniform pressure distributions. The yield lines for both slab support conditions have a yield line down the
center of the slab that branches towards each corner of the slab. The yield lines do not create 45⁰ angles in
the corners of the slab; the specific location of the branch in the yield lines depend upon the slab geometry.
A fixed supported slab also generates yield lines along the edges of the slab. The shape of the plastic
mechanism for both support conditions is the same and is shown in Figure 5.3.
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a)

b)
Figure 5.2: Yield Line Orientation for Rectangular Slab a) simply-supported edges b) fixed edges.

Figure 5.3: Shape of plastic mechanism for rectangular slab.

5.3.1. Rectangular, Fixed Slab Resistance Function

The resistance function for a rectangular two-way slab with fixed supports is developed by calculating the
resistance of the member throughout the formation of a plastic mechanism using a yield line analysis of the
slab. A four-point resistance function is calculated for the slab, as shown in Figure 5.4. UFC 3-340-02 and
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Biggs (1964) recommend a two-point resistance function for rectangular, fixed slabs. Biggs (1964) and
UFC 3-340-02 calculate the two points for their resistance functions differently; the points used for both
UFC 3-340-02 and Biggs (1964) resistance functions are shown in the following discussion to be equivalent
to first three points on the resistance function detailed here. However, the resistance function developed
here will also account for strain hardening in calculating the capacity of the member. UFC 3-340-02 and
Biggs (1964) use only the elastic-perfectly plastic cross-section behavior of a member to construct a
resistance function. The resistance function developed here calculates the fourth point of the resistance
function corresponding to the development of the tensile moment capacity of cross-section along the yield
lines of the slab.
The four characteristic points of the rectangular, fixed slab resistance function are identified in Figure 5.4.
The calculation of each point follows in this section of the report. The first point, R1, is the capacity of the
slab at the development of the first yield lines in the slab The second point, R2, is the capacity of the slab at
the partial development of a plastic mechanism, following the UFC 3-340-02. The third point, R3, is the
capacity of the slab at the full development of a yield line mechanism. The fourth point, R4, is the capacity
of the slab at the development of the tension moment capacity of the cross-section along the yield lines of
the slab.
Prior to reaching the resistance of R1, the slab is modeled using elastic analysis; the first stiffness, k1, is the
stiffness of an elastic, fixed slab. After reaching the resistance R1 and prior to reaching the resistance R2,
the slab has developed yield lines along the long edge of the slab and is developing yield lines throughout
the slab; exact analysis of the slab in this region is not achievable by simple analysis. The second stiffness,
k2, is modeled as the stiffness of an elastic, simply-supported slab (U.S. Department of Defense 2008),
(Biggs 1964). The displacements Δ3 and Δ4 are the displacements at which R3 and R4 are reached. These
displacement values were determined based on experimental tests of SC members and from finite element
analysis studies using the modeling approach in Part II of this report.

Displacement
Figure 5.4: Resistance function for rectangular, fixed slab.

5.3.1.1.

First Branch Resistance: R1

The R1 value for a fixed, rectangular slab is the capacity of the slab at the development of the first yield
lines in the slab. The largest bending moment in a fixed, elastic slab is the long the long edge of the slab;
the first yield line in the slab develops along the long edge. This point on the resistance function is used for
the resistance functions provided by both Biggs (1964) and UFC 3-340-02. However, Biggs (1964) and
UFC 3-340-02 have slightly different approaches for calculating this point. Biggs (1964) calculates this
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point when the moment along most of the long slab edge reaches the plastic moment capacity along that
length. UFC 3-340-02 appears to calculate this point when the moment demand at any point along the long
edge of the slab exceeds the plastic moment capacity per unit width. Both the UFC 3-340-02 and Biggs
(1964) appear to use an elastic, thin plate bending solution to calculate the moment demands. Both sources
provide R1 as a function of the slab aspect ratio: the ratio of the slab short edge length (b) to long edge
length (a). These values of R1 as a function of slab aspect ratio are shown in Figure 5.5. The value of R1 in
Figure 5.5 is normalized by dividing R1 by the plastic moment capacity per unit width of the cross-section:
Mp. The Biggs (1964) approach to calculating the values of R1 was implemented for the resistance function
calculated here.
An approach similar to the one described by Biggs (1964) for calculating the value of R1 as a function of
slab aspect ratio is detailed here. An analytical series solution for bending under a uniform pressure of an
elastic, fixed, rectangular thin plate from Timoshenko and Woinowsky-Krieger (1959) was used to calculate
the moment along the long edge of a slab as a function of the applied load. Two cases were considered in
following Biggs (1964) approach. The first case defined R1 as the applied load the causes the bending
moment along the central 85% of the long edge of the slab to exceed 100% of the plastic moment capacity
along that length. The second case defined R1 the same as the first case, except it used the central 75% of
the slab length. The results of both cases are shown in Figure 5.5. The solution for both the central 85% and
75% are close to the values provided by Biggs (1964). The load resulting in 100% of the plastic moment
capacity along the central 85% of the slab long edge length was selected to define the value of R1.

···•··· B iggs 1964
- • - UFC 3-340-02

-+- SDOF - 85%
- ... SDOF - 75%

0
0.5

0.7
0 .8
0.9
Aspect Ratio (Shott Edge / Long Edge)

0.6

Figure 5.5: R1 values for fixed, rectangular slab.
The procedure for calculating R1 as detailed above was repeated for slab aspect ratios ranging from 0.1 to
1.0. The calculated R1 values are plotted against the slab aspect ratio in Figure 5.6. A polynomial regression
of the R1 values was conducted to develop a simple expression for calculating R1. The regression function
is compared to the calculated R1 in Figure 5.6. The regression function is given by Equation 5.5. The value
of RSH used in Figure 5.6 is 1.0.
The RSH term in Equation 5.5 accounts for strain hardening of the SC cross-section during the development
of yield lines in the slab. The plastic mechanism analysis is based on an elastic-perfectly plastic crosssection which provides no additional restraint once the plastic capacity has been met. The RSH term accounts
for additional strengthening of the member due to hardening of an SC cross-section after the development
of the plastic moment capacity. Based on finite element analysis of SC slabs following the modeling
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approach in Part II of this report, RSH can be taken as 1.1 for steel plates with nominal yield stress of 50ksi
to 65ksi and ultimate stress approximately 30% greater than the yield stress.
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Figure 5.6: Regression function for R1 for fixed, rectangular slab.
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5.3.1.2.

Equation 5.5

Second Branch Resistance: R2

The resistance R2 of a fixed, rectangular slab is the capacity of the slab at the development of a partial yield
line mechanism. The partial yield line mechanism is detailed by the UFC 3-340-02. For this partial
mechanism, the plastic moment capacity is developed along the yield lines along the edges and through the
interior of the slab, except for the corners of the slab. The moment along the yield lines in the corners of
the slab is reduced to 2/3rds of the plastic moment capacity. A yield line analysis with this distribution of
moments was conducted following the moment equilibrium-based method in the UFC 3-340-02. The
resistance R2 is calculated as given in Equation 5.6. Equation 5.6 exactly matches the capacity provided by
UFC 3-340-02, with the exception of the RSH term.
Similar to the value of RSH for the calculation of R1, RSH accounts for the increase in capacity of the member
due to strain hardening of the SC cross-section. Based on finite element analysis of SC slabs following the
modeling approach in Part II of this report, RSH can be taken as 1.1 for steel plates with nominal yield stress
of 50ksi to 65ksi and ultimate stress approximately 30% greater than the yield stress.

𝑅𝑅2 = 𝑅𝑅𝑆𝑆𝑆𝑆 ∙ 10 ∙ 𝑀𝑀𝑝𝑝 ∙

𝑎𝑎 ∙ 𝑏𝑏
𝑐𝑐12

Equation 5.6

The value, c1, defines the location of yield lines within the slab and is calculated as an output from the yield
line analysis. c1 defines the point where yield lines intersect in the slab interior, see Figure 5.7. The value
of c1 was calculated from the analysis of the partial yield line mechanism and is given by Equation 5.7.
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UFC 3-340-02 provides the value of c1 by reading the value from a plot of c1 versus the slab aspect ratio.
Equation 5.7 is plotted over the UFC 3-340-02 figure for determining the value of c1 in Figure 5.8. The line
in Figure 5.8 is the UFC 3-340-02 value and the circles are from Equation 5.7. Equation 5.7 exactly matches
the published values in UFC 3-340-02.
a

b
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Figure 5.7: Orientation of slab yield lines.
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Figure 5.8: Comparison of slab yield line locations from UFC 3-340-02 Figure 3-17 and calculated by
analysis.

5.3.1.3.

Third Branch Resistance: R3

The resistance R3 of a fixed, rectangular slab is the capacity of the slab at the development of a full yield
line mechanism. The capacity of a full yield line mechanism is detailed in numerous sources: Biggs (1964),
Kennedy and Goodchild (2004), and Wight (2016). For this plastic mechanism, the plastic moment capacity
is developed along the yield lines along the slab edges and through the interior of the slab, including the
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corners. A yield line analysis with this distribution of moments was conducted following the moment
equilibrium-based method in the UFC 3-340-02. The resistance R3 is calculated as given in Equation 5.8.
Equation 5.8 is compared to published yield line solutions from Biggs (1964) and Kennedy and Goodchild
(2004) in Figure 5.9 with RSH = 1.0. The yield line capacity calculated with Equation 5.8 matches the
Kennedy and Goodchild (2004) capacities. Biggs (1964) calculates a capacity within 6% of Equation 5.8.
Similar to the value of RSH for the calculation of R1 and R2, RSH accounts for the increase in capacity of the
member due to strain hardening of the SC cross-section. Based on finite element analysis of SC slabs
following the modeling approach in Part II of this report, RSH can be taken as 1.1 for steel plates with
nominal yield stress of 50ksi to 65ksi and ultimate stress approximately 30% greater than the yield stress.
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Figure 5.9: R3 values for fixed, rectangular slab.
The value, c2, in Equation 5.8 defines the location of yield lines within the slab and is calculated as an
output from the yield line analysis, similar to the value of c1 in Equation 5.6. The value of c2 for the full
yield line analysis differs from the value of c1 calculated from the partial yield line mechanism. c2 for the
full yield line mechanism is given by Equation 5.9. The values of c1 for a partial yield line mechanism and
c2 for a full yield line mechanism are compared in Figure 5.10. The difference in c values is less than 2.5%
for slab aspect ratios greater than 0.5 and is less than 8% for slab aspect ratios greater than 0.1. The
difference in c values is small for most slab aspect ratios, but could be accounted for in a SDOF analysis,
if desired.
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Figure 5.10: Comparison of yield line intersection location.

5.3.1.4.

Fourth Branch Resistance: R4

The resistance R4 of a fixed, rectangular slab is the capacity of the slab at the development of the tensile
moment capacity of SC cross-section along all yield lines in a full yield line mechanism. This point on the
resistance function accounts for the effect of strain hardening on the maximum capacity of the yield line
mechanism. This capacity can be calculated by Equation 5.10. Equation 5.10 is the same as Equation 5.8,
except the tensile moment capacity, Mten, replaces the plastic moment capacity, Mp, of the cross-section.

𝑅𝑅4 = 12 ∙ 𝑀𝑀𝑡𝑡𝑒𝑒𝑡𝑡 ∙
5.3.1.5.

First Branch Stiffness: k1

𝑎𝑎 ∙ 𝑏𝑏
𝑐𝑐22

Equation 5.10

A fixed, rectangular slab undergoes elastic behavior before the resistance R1 is reached (Biggs 1964), (U.S.
Department of Defense 2008). The stiffness of an elastic, fixed slab was calculated from an elastic, thinplate bending solution for fixed slabs from Timoshenko and Woinowsky-Krieger (1959) as a function of
the slab aspect ratio. The calculated stiffness values are compared to published values in Figure 5.11. The
two published values and the value calculated here are approximately the same, differing by less than 3%
in most cases.
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Figure 5.11: Comparison of stiffness k1 for fixed, rectangular slab.
The method of calculating k1 developed here was used to calculate the stiffness for slab aspect ratios from
0.1 to 1.0. The calculated stiffness k1 is shown in Figure 5.12. The stiffness is normalized by multiplying
by the square of the slab’s short edge length and dividing by the elastic section modulus (b2/EIsc). A
polynomial function was fit to the calculated stiffness values as a function of the slab aspect ratio. The
polynomial is given by Equation 5.11 and is plotted against the calculated stiffness values in Figure 5.12.
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Figure 5.12: Regression function for k1 for fixed, rectangular slab.
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Equation 5.11

5.3.1.6.

Second Branch Stiffness: k2

The stiffness of a fixed, rectangular slab between resistances R1 and R2 is modeled as an elastic, simplysupported slab (Biggs 1964), (U.S. Department of Defense 2008). The behavior of a slab in this region of
the resistance function is partially elastic and partially plastic. The stiffness in this region will gradually
soften as plasticity of the cross-section spreads along yield lines in the slab. A constant stiffness in this
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region is used for the SDOF resistance function which models elastic behavior of a simply supported slab.
This approach approximates the partially plastic behavior in this region by modeling the development of
yield lines along the slab edges as simple supports.
The stiffness of an elastic, simply-supported slab was calculated from an elastic, thin-plate bending solution
for simply-supported slabs from Timoshenko and Woinowsky-Krieger (1959) as a function of the slab
aspect ratio. The calculated stiffness values are compared to published values in Figure 5.13. The two
published values and the value calculated here are approximately the same, differing by less than 3% in
most cases.
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Figure 5.13: Comparison of stiffness k2 for fixed, rectangular slab.
The method of calculating k2 developed here was used to calculate the stiffness for slab aspect ratios from
0.1 to 1.0. The calculated stiffness k2 is shown in Figure 5.14. The stiffness is normalized by multiplying
by the square of the slab’s short edge length and dividing by the elastic section modulus (b2/EIsc). A
polynomial function was fit to the calculated stiffness values as a function of the slab aspect ratio. The
polynomial is given by Equation 5.12 and is plotted against the calculated stiffness values in Figure 5.14.
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Figure 5.14: Regression function for k2 for fixed, rectangular slab.
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5.3.1.7.

Third Branch Displacement: Δ3

5.3.1.8.

Third Branch Displacement: Δ4

The value of Δ3 is the displacement of the slab at the development of R3. A method to calculate this
displacement from mechanics has not yet been developed. This value is recommended to be determined as
the displacement corresponding to a chord rotation of 0.03 radians. This chord rotation is based on
experimental tests (Varma et al. 2021) and corresponds well to finite element analysis of two-way SC slabs
using the analysis approach in Part II of this report.
The value of Δ4 is the displacement of the slab at the development of R4. A method to calculate this
displacement from mechanics has not yet been developed. This value is recommended to be determined as
the displacement corresponding to a chord rotation of 0.06 radians. This chord rotation is based on
experimental tests (Varma et al. 2021) and corresponds well to finite element analysis of two-way SC slabs
using the analysis approach in Part II of this report.

6. Transformation Factors

The transformation factors relate the inertia, resistance, and load applied on the structural member being
modeled to inertia, resistance and load on the equivalent SDOF system. The transformation factor is
calculated from the shape function describing the deformed shape of the structural member. The shape
function typically changes between each branch of the resistance function as the member undergoes elastic,
elastic-plastic, and plastic behavior.
For elastic behavior, the shape function represents the fundamental dynamic mode for an elastic member
undergoing flexural deformation. This elastic fundamental mode is typically approximated as the shape
function for a uniform static load applied to the member (Biggs 1964). For plastic behavior, the shape
function represents the shape of the plastic mechanism, as shown in Figure 5.3 for a rectangular slab. As
the slab transitions from elastic behavior to plastic behavior, the deformed shape of the slab transitions from
that of the elastic slab behavior to that of the plastic mechanism.
Elastic behavior for a fixed slab occurs for resistance up to R1 on the resistance function shown in Figure
5.4. The shape function for elastic behavior of a fixed slab is approximated as the shape of a fixed, elastic,
thin plate bending under uniform applied load (Biggs 1964). The transformation factor for elastic behavior
of a fixed, rectangular slab is detailed in Section 6.1.
Elastic-plastic behavior for a fixed slab occurs for resistance between R1 and R2 on the resistance function
shown in Figure 5.4. The shape function for elastic-plastic behavior of a fixed slab is approximated as the
shape of a simply-supported, elastic, thin plate bending under uniform applied load (Biggs 1964). The
transformation factor for elastic-plastic behavior of a fixed, rectangular slab is detailed in Section 6.2.
Plastic behavior for a fixed slab occurs for resistance greater than R2 on the resistance function shown in
Figure 5.4. The shape function for plastic behavior of a fixed slab is represented by the deformed shape
shown in Figure 5.3. This deformed shape concentrates rotation along the yield lines of the slab and models
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the slab as a plane between yield lines (Biggs 1964). The transformation factor for plastic behavior of a
fixed, rectangular slab is detailed in Section 6.3.

6.1.Elastic, Rectangular Fixed Slab

The shape function used to calculate the transformation factor for elastic behavior of a fixed, rectangular
slab is the shape of a fixed, elastic thin plate bending under uniform load. This shape function is
recommended by Biggs (1964) and UFC 3-340-02. The analytical solution for a fixed, elastic thin plate
bending under uniform load by Timoshenko and Woinowsky-Krieger (1959) was used here as the shape
function. The shape function was numerically integrated over the area of the slab to calculate the load-mass
factor as shown in Figure 6.1 as a function of the slab aspect ratio. The load-mass factor is compared to
published values from Biggs (1964), the UFC 3-340-02, and Morison (2006).
The load-mass factor calculated here is in agreement with the values calculated by finite element analysis
in Morison (2006). However, the values calculated here do not agree with the values published by Biggs
(1964) and the UFC 3-340-02. This is despite both Biggs (1964) and the UFC 3-340-02 stating to use the
same calculation method used here. The UFC 3-340-02 linearly interpolates between two values of the
load-mass factor between slab aspect ratio of 1.0 to 2.0. The basis of this interpolation was not provided in
the UFC 3-340-02; however, the upper and lower bounds of the UFC 3-340-02 values are close to upper
and lower bounds of the load-mass factor calculated here. The load-mass factor calculated here is
recommended for use in a SDOF analysis.
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Figure 6.1: Comparison of Transformation Factor for Elastic, Fixed Slab
A regression function was fit to the load-mass factors calculated here. The form of the regression function
is a power law. The regression function and the calculated values of the load-mass factor are compared in
Figure 6.2. The regression function is given by Equation 6.1.
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Figure 6.2: Regression for Elastic, Fixed Slab Transformation Factor
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Equation 6.1

6.2.Elastic, Rectangular Simply-Supported Slab

The shape function used to calculate the transformation factor for elastic behavior of a simply-supported,
rectangular slab is the shape of a simply-supported, elastic thin plate bending under uniform load. This
shape function is recommended by Biggs (1964) and UFC 3-340-02. The analytical solution for a simplysupported, elastic thin plate bending under uniform load by Timoshenko and Woinowsky-Krieger (1959)
was used here as the shape function. The shape function was numerically integrated over the area of the
slab to calculate the load-mass factor as shown in Figure 6.3 as a function of the slab aspect ratio. The loadmass factor is compared to published values from Biggs (1964), the UFC 3-340-02, and Morison (2006).
The load-mass factor calculated here is in agreement with the values calculated by finite element analysis
in Morison (2006). However, the values calculated here do not agree with the values published by Biggs
(1964) and the UFC 3-340-02. This is despite both Biggs (1964) and the UFC 3-340-02 stating to use the
same calculation method used here. The UFC 3-340-02 linearly interpolates between two values of the
load-mass factor between slab aspect ratio of 1.0 to 2.0. The basis of this interpolation was not provided in
the UFC 3-340-02; however, the upper and lower bounds of the UFC 3-340-02 values are close to upper
and lower bounds of the load-mass factor calculated here. The load-mass factor calculated here is
recommended for use in a SDOF analysis.
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Load-Mass Factor for Elastic, Simply Supported Slab
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Figure 6.3: Comparison of Transformation Factor for Elastic, Simply-Supported Slab
A regression function was fit to the load-mass factors calculated here. The form of the regression function
is a power law. The regression function and the calculated values of the load-mass factor are compared in
Figure 6.4. The regression function is given by Equation 6.2.
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Figure 6.4: Regression Function for Elastic, Simply-Supported Slab Transformation Factor
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𝐾𝐾𝐿𝐿𝑀𝑀,𝑆𝑆𝑖𝑖𝑆𝑆𝑝𝑝𝑆𝑆𝑦𝑦−𝑆𝑆𝑢𝑢𝑝𝑝𝑝𝑝𝑆𝑆𝑐𝑐𝑡𝑡𝑒𝑒𝐹𝐹 =

1.436
𝑎𝑎
−1
0.626 + � 𝑏𝑏
�
21.63

0.04
𝑎𝑎
− 2.6
−0.27 + �𝑏𝑏
�
4.42

𝑎𝑎
<4
𝑏𝑏
4≤

𝑎𝑎
≤ 10
𝑏𝑏

Equation 6.2

6.3.Plastic Mechanism for Rectangular Slab

The shape function used to calculate the transformation factor for plastic behavior of a rectangular slab is
the shape of the plastic mechanism for the slab, see Figure 5.3. This shape function is recommended by
Biggs (1964) and UFC 3-340-02. The shape function was analytically integrated over the area of the slab
to calculate the load-mass factor given by Equation 6.3 as a function of the slab dimensions. The load-mass
factor calculated here is compared to published values from the UFC 3-340-02 in Figure 6.5, where the
UFC 3-340-02 values are shown as a line and the values calculated here are circles. There is excellent
agreement between the values.
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Figure 6.5: Comparison of Transformation Factor for Plastic Slab Behavior
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7. Rotation Demands

The design philosophy for SC members subjected to blast loads creates a ductility demand on the member.
This ductility demand is measured as an allowable displacement or rotation of the member. The calculation
of the displacement demand of a two-way SC slab by SDOF analysis was detailed in prior sections of this
report. The displacement demand is used to calculate rotation of the SC member along yield lines within
the slab.
There are four unique rotation demands along yield lines for a rectangular slab, see Figure 7.1. These
rotation demands are calculated from the deformed shape of the slab in the plastic range of response, see
Figure 5.3. Each of the yield line rotation demands is referenced as shown in Figure 7.1. The rotation
demand can be calculated along each yield lines using Equation 7.1, Equation 7.2, Equation 7.3, and
Equation 7.4.

b

a

Figure 7.1: Yield Line Rotation Map
2∙∆
�
𝜃𝜃𝐴𝐴 = 2 ∙ tan−1 �
𝑏𝑏
𝜃𝜃𝐵𝐵 = cos−1 �

Equation 7.1

𝑐𝑐 2 + 0.25 ∙ 𝑏𝑏 2 − ∆2
�
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Equation 7.2

2∙∆
�
𝑏𝑏

Equation 7.3

𝜃𝜃𝐶𝐶 = tan−1 �

∆
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8. Shear Demands

The design philosophy for SC slabs subjected to blast loads requires the shear capacity of the slab to be
greater than the capacity of a flexural plastic mechanism for the slab. This shear demand detailed here is
not direct shear, but flexure-shear. Direct shear is a phenomenon which can occur in the blast load response
of members subjected to impulsive blast loadings. The impulsive load results in large blast overpressure
being applied to the member before significant flexural deformation of the member can occur, resulting in
high shear demands at the supports of the member. Direct shear is not addressed here and only shear
resulting from flexure of the member is detailed. The shear demand on a SC two-way slab is calculated in
this section.
The shear demand for design of SC slabs is calculated at a distance of half the composite section thickness
away from the support. The shear demand is calculated here at two locations: the center of the long and
short edge of the slab.
The shear demand per unit width at the center of the long edge of a fixed slab is calculated using a beam
analogy. A unit width along the short direction of the slab is modeled as a beam with a uniform load applied
along its length, see Figure 8.1 . The load applied to the unit width of the slab is the uniform pressure
corresponding to the resistance function of the member. The shear at half the composite section thickness
away from the supports of the unit width of the slab is calculated as the shear demand. The shear demand
is calculated as a function of the resistance function in Equation 8.1. The maximum shear demand on the
long edge of a fixed slab is calculated in Equation 8.2.
Unit

Width

b

a

a)
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Uniform Load:
R(~)/a·b

)
i

j Reaction Force:
R(~) · b/2 · a
b
b)
Figure 8.1: Beam Analogy for Shear Along Fixed Slab Long Edge
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Equation 8.2

The shear demand per unit width at the center of the short edge of a fixed slab is calculated by distributing
the force applied to the slab by the resistance function within the central 25% of the triangular region of the
yield lines over 25% of the short slab edge length, see Figure 8.2 . The shear demand is calculated at half
the composite section thickness away from the support. The shear demand is calculated as a function of the
resistance function in Equation 8.3 . The maximum shear demand on the short edge is calculated in Equation
8.4.
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Figure 8.2: Shear Demand Calculation for Fixed Slab Short Edge
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Part II: FEM Analysis
9. Overview

Similar to the SDOF analysis method, a 2D nonlinear finite element analysis of a SC slab subjected to blast
loading is a time efficient method of dynamic analysis for the ductility and shear demands on the member.
Whereas the SDOF analysis conducted a plastic analysis of an SC slab by constraining the deformed shape
of the slab with shape functions and enforcing dynamic equilibrium of the structure to solve for the slab
displacement, 2D finite element analysis of an SC slab uses inelastic behavior of the SC cross-section at
numerous points throughout the member and enforces dynamic equilibrium to solve for the slab
displacement. Part II of this report details a 2D finite element modeling approach for SC slabs under blast
loads using a composite shell model in the commercial finite element software Abaqus.
Similar to the numerical solution of the SDOF EOM, dynamic equilibrium of the SC member under a blast
loading is solved for at successive time increments throughout the analysis duration. The approach for
modeling a SC slab for blast loads detailed here uses composite shell elements to represent the flexural
behavior of the SC slab. The 2D finite element model captures inelastic material behavior and two-way
bending of a SC cross-section; the modeling approach directly models the development of a flexural plastic
mechanism in the member. Shear failure is not captured by this model. This is not a limitation on the use
of 2D finite element analysis as the design philosophy for blast loadings requires the shear capacity of the
member to be greater than the flexural capacity.

10. Model Geometry

The geometry of the SC slab being modeled is created in Abaqus by a Part. The Part used for this approach
is a 3D, Deformable, Planar, Shell. The shape created in Abaqus for the Part should represent the SC
member being modeled. Figure 10.1 shows a Part for a rectangular slab with the Part partitioned into four
quarters. This Part has no thickness. The thickness of the slab is modeled later in the creation of a Section.

Figure 10.1: Part Creation in Abaqus

11. Elements and Section Definition

The type of element used for this modeling approach is a conventional shell element. The conventional
shell element uses a reference surface, the zero thickness Part, and a Section to calculate the displacement
of the slab in order to enforce dynamic equilibrium of the system. This element type has both displacement
and rotational degrees of freedom.
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Four node, quadrilateral, conventional shell elements with reduced integration: S4R, are used. The finite
element method calculates strains and curvatures at discrete integration points on each element from the
displacements and rotations of the four nodes of the element. The flexural behavior of the element is
calculated at the element integration points from the strains and curvatures, using the Section definition.
The displacement and rotation at every node in the model are calculated such that dynamic equilibrium of
every element in the model is satisfied at every timestep in the analysis. Hourglassing is observed to
generally not be an issue with this modeling approach for SC slabs. A sample mesh for an SC slab is shown
in Figure 11.1. The size of each element can generally be approximately 20% to 50% of the composite
section thickness without sensitivity of the model displacement to mesh size.
The Section defines the cross-section properties of the slab in the Abaqus model. The Section used for this
modeling approach is a composite shell section. The composite shell section defines layers of material
through the thickness of the member cross-section. Each layer of material is assigned a thickness and a
number of integration points. These integration points are not the same as the integration points for the
element. The integration points for the Section are locations through the thickness of the Section where
stresses and strains are calculated to determine the flexural behavior of the element. The integration points
specified for the Section must be an odd number. Generally, 3 to 5 integration points in the steel plates and
15 or more integration points in the concrete are needed to model the flexural behavior of an SC section.
The composite shell section does not model slip between the layers of material in the Section; strain
compatibility of the Section is enforced.
A sample Section definition for a SC cross-section with 3/8in steel plates and a composite section thickness
of 14in are shown in Figure 11.1. The steel plates are defined on the top and bottom of the Section with
three integration points. The concrete is defined in between the steel layers with 17 integration points. The
creation of the material models for the Section in Abaqus are detailed in Section 12 of this report.

Figure 11.1: Sample Element Mesh for SC Slab
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Figure 11.2: Sample Composite Shell Section Definition

12. Material Models

Material models are used in Abaqus to define the constitutive behavior of the materials being modeled in a
Section. The material model, for this analysis approach, consists of three main properties: the material
density, material elastic stress-strain properties, and material inelastic stress-strain behavior. The density is
the mass per unit volume of the material. The elastic and inelastic properties used in this analysis approach
for steel and concrete are detailed here.

12.1.

Steel Properties

The elastic properties for a material model consist of the elastic modulus and Poisson’s ratio. Unless
material specific properties are obtained, the steel elastic modulus and Poisson’s ratio can be specified as
29,000ksi and 0.3, respectively.
The inelastic material properties for steel are modeled here using Plastic behavior. Plastic behavior uses the
von Mises yield surface to model inelasticity of the material. The von Mises yield surface is a second stress
invariant (J2) dependent yield surface that uses an associated flow rule. This yield surface is defined by
selecting Plastic behavior and additional user definition of the yield surface is not required. The user
specifies the hardening rule for the yield surface. The hardening rule is input as the uniaxial yield stress of
the material as a function of uniaxial plastic strain. True stress and true strain are used to specify the
hardening rule. True stress can be calculated from the engineering stress of a material using Equation 12.1.
True strain can be calculated from the engineering strain using Equation 12.2. The plastic strain can be
calculated using Equation 12.3.
𝜎𝜎𝑇𝑇 = 𝜎𝜎𝐸𝐸 ∙ (1 + 𝑒𝑒)
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𝜀𝜀 = 𝑙𝑙𝑙𝑙(1 + 𝑒𝑒)
𝜀𝜀𝑃𝑃𝐿𝐿 = 𝜀𝜀 −

𝜎𝜎𝑇𝑇
𝐸𝐸

Equation 12.2

Equation 12.3

Where, 𝜎𝜎𝑇𝑇 is the true stress, 𝜎𝜎𝐸𝐸 is the engineering stress, e is the engineering strain, 𝜀𝜀 is the true strain, 𝜀𝜀𝑃𝑃𝐿𝐿
is the plastic strain, and E is the steel elastic modulus.

Strain rate effects on steel constitutive behavior can be modeled in Abaqus. The elastic modulus of steel is
generally unaffected by strain rate. The yield stress and ultimate stress of steel generally increase with
increasing strain rate (Murray et al. 2018). There are multiple option in Abaqus to defined the strain rate
dependence of steel. The simplest option is to specify a dynamic increase factor (DIF) as a function of
plastic strain rate for the yield stress. This strain rate data can be input using test data from Murray et al.
(2018) or other high strain rate material tests. Other options within Abaqus to specify strain rate dependence
include specifying multiple hardening rules, each corresponding to a constant plastic strain rate. This option
is able to better capture the different strain rate dependence of the yield and ultimate stress of steel; however,
this option also requires more strain rate dependent data to be available to the user.

12.2.

Concrete Properties

The elastic properties for a material model consist of the elastic modulus and Poisson’s ratio. Unless
material specific properties are obtained, the concrete elastic modulus can be calculated using Equation
12.4 from AISC N690-18, or similar equations in the literature. Poisson’s ratio for concrete is often in the
range of 0.15 to 0.2.
𝐸𝐸𝐶𝐶 = 𝑤𝑤𝑐𝑐1.5 �𝑓𝑓′𝑐𝑐

Equation 12.4

Where, Ec is the concrete elastic modulus, wc is the weight density of concrete in lb/ft3, and f’c is the concrete
compressive strength in ksi.
The inelastic material properties for concrete are modeled here using Concrete Damaged Plasticity
behavior. This behavior requires the definition of the yield surface, a hardening rule, and tensile behavior
of concrete.
The Concrete Damaged Plasticity behavior uses a hydrostatic stress dependent yield surface to model
inelasticity of the material. Unlike the von Mises yield surface, this yield surface requires material inputs
to define the shape of the yield surface. These inputs define the shape of the yield surface on the deviatoric
plane and the ratio of the biaxial compressive strength to uniaxial compressive strength. The shape of the
yield surface on the deviatoric plane is defined by a parameter that ranges from 1.0 to 0.5. A value of 1.0
corresponds to a circle in the deviatoric plane whereas the shape changes to a circle flattened on three sides
into a triangle as the value approaches 0.5. A typical value of this parameter is 0.75. The ratio of the biaxial
strength to uniaxial compressive strength is often taken as 1.16. This concrete yield surface uses a nonassociated flow rule based on the Drucker-Prager flow potential function. This function approaches a
straight line asymptotically in the Mises effective stress vs. hydrostatic stress plane. The angle of the straight
line is defined by a Dilation Angle which is often 25°. The rate at which the flow function approaches the
straight line is defined by the Eccentricity which is often 0.1.
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A hardening rule is required for the material behavior. This hardening rule corresponds to uniaxial stressstrain behavior of concrete in compression. The hardening rule is input as the uniaxial yield stress of the
material as a function of uniaxial inelastic strain. Engineering stress and engineering strain are used to
specify the hardening rule. Inelastic strain for the hardening rule can be calculated by subtracting the elastic
strain from the engineering strain. The concrete stress-strain behavior from Hognestad et al. (1955) can be
used to define the hardening rule.
The tensile behavior of concrete is modeled using a fracture energy-based stress vs. displacement behavior.
The tension cracking stress of concrete can be determined by experiment or using equations available in
literature. This crack stress is the initial yield stress for concrete in tension. The tension behavior is modeled
as a function of tensile yield stress vs. crack opening displacement. The area under the curve of the yield
stress vs. crack opening displacement is the fracture energy of the material. Empirical equations for this
material behavior are available in the fib Model Code for Concrete Structures 2010.
Strain rate effects on concrete behavior can also be incorporated in the Abaqus material model. Concrete
properties have a proportionally low effect on the model behavior, compared to the steel properties. Because
the concrete model has little effect on the slab model, strain rate effects can be omitted from this 2D finite
element analysis with little effect on the analysis results.

13. Boundary Conditions

Boundary conditions are applied to the SC slab model to support restraint and prevent lateral rigid body
motion of the slab. Boundary conditions are required in a finite element analysis to constrain the degrees
of freedom of the system. For this fixed slab model, the vertical displacement and rotation of the shell
elements are constrained along the boundary of the slab, see Figure 13.1. Lateral restraint at the supports is
not provided. Lateral support at the supports would prevent lateral expansion of the slab, creating internal
axial forces in the member. These axial forces would increase the load resisting capacity of the member;
however, the lateral restraint is not representative of the boundary conditions of the structural member being
modeled. To prevent lateral rigid body motion of the slab, symmetry boundary conditions are applied along
the centerlines of the slab.

Figure 13.1: Boundary Conditions Applied to SC Slab

14. Analysis

An analysis is defined in Abaqus by a Step. The Step defines the type of analysis to be conducted and
parameters for the numerical solution used for the analysis. The Dynamic, Explicit Step can be used for
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blast load analysis of SC slabs as well as for a pushdown analysis to calculate a resistance function for SC
slabs in Abaqus. This Step type is a non-linear analysis of the slab geometry under dynamic loading.
The duration of the dynamic analysis is dependent on the load being modeled. The peak displacement of a
SC slab responding to an applied blast load will often occur after the blast load has ended. The duration of
the analysis must then be adjusted such that the peak displacement of the slab occurs during the length of
the analysis. For a pushdown analysis of a SC slab, the analysis duration should coincide with the duration
of the load Amplitude detailed in Section 15. Mass scaling can be used for the pushdown analysis, but
should not be used for dynamic analysis of blast loads.
Outputs must be requested from the analysis. Field outputs from the model are typically requested from the
entire model for a limited number of increments in the dynamic analysis. Saving outputs from every time
increment in the solution is not feasible.

15. Loading

Loads are applied to an Abaqus model to represent external forces acting on the model. A Load in Abaqus
can be in various forms: concentrated loads, surface tractions, surface pressures, and many others. To model
a uniform blast load acting on a SC slab, a uniform pressure is created on the surface of the slab with a unit
magnitude, see Figure 15.1. An Amplitude is assigned to the Load which defines the time history magnitude
of the blast load. Alternatively, to calculate a resistance function for an SC slab using Abaqus, a linearly
increasing load Amplitude for a uniform pressure can be defined.

Figure 15.1: Uniform Pressure Applied to SC Slab

16. Conclusion

This report presented a general design philosophy for SC slabs subjected to blast loads. This design
philosophy is based on developing a flexural plastic mechanism within the slab and designing the slab for
ductility and shear demands resulting from the plastic mechanism. Two methods of dynamic analysis for
SC slabs under blast loads were detailed: SDOF analysis and 2D nonlinear finite element analysis. SDOF
methods in general are a textbook analysis method in structural dynamics. The SDOF blast load analysis of
structural members undergoing plastic behavior covered here was primarily based on Biggs (1964) and the
UFC 3-340-02 (U.S. Department of Defense, 2008). The SDOF analysis can be easily programmed in a
computer script and is a computationally efficient analysis method. The SDOF analysis is suitable for large
parametric studies in the design process or developing Pressure-Impulse diagrams for a structural member.
The 2D finite element analysis is a fast-running finite element analysis approach and is suitable for limited
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parametric studies. This finite element analysis approach is also suitable for development of a computer
script within a finite element program to create and run the analyses.
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